In this note, we consider a physical system given by a two-dimensional quantum walk in an external magnetic field. In this setup, we show that both the topological structure as well as its type depend sensitively on the value of the magnetic flux Φ: while for Φ/(2π) rational the spectrum is known to consist of bands, we show that for Φ/(2π) irrational the spectrum is a zero-measure Cantor set and the spectral measures have no pure point part.
I. INTRODUCTION
Electrons moving in a two-dimensional lattice under the influence of a uniform magnetic field are among the most intensively studied physical systems of the last decades, see e.g. [14, 40, 46, 56] . The Almost-Mathieu Operator (and more generally the Extended Harper's Model) is one example of such a model which inspired intense study in mathematics; see [9, 10, 41, 49] and references therein. Despite the simplicity of the setup its dynamical properties are surprisingly rich, and the propagation behaviour as well as the spectrum depend crucially on properties of the magnetic field like the rationality of its flux.
A similarly drastic dependence of the spectral and dynamical properties on a system parameter has recently been observed in quantum walks subject to external electric fields [25, 26] . Quantum walks are discrete-time analogues of the unitary dynamics of a single particle with internal degree of freedom on a lattice constrained to finite propagation speed per time step [1, 5, 7, 38] . Also, quantum walks have shown to be a useful model for quantum simulation encompassing a variety of single-particle and few-particle quantum effects such as ballistic transport, decoherence, Anderson localization and graphene-like dispersion relations as well as the formation of bound states and symmetry protected topological phases [2-5, 18, 20, 23, 34, 42-45] . At the same time quantum walks and their time-continuous counterpart are relevant in a quantum algorithmical context, for example in search algorithms, to examine the distinctness of elements, in quantum information processing and applications to the graph isomorphism problem [6, 11, 27, 28, 48, 51] . From a mathematical point of view, quantum walks on a one-dimensional lattice can also be seen as a particular class of CMV matrices giving a link between quantum dynamical systems and orthogonal polynomials on the unit circle, a connection which has proved to be fruitful in both directions [12, 15, 16, 19, 24, 39] . One can use spectral methods to deduce bounds on spreading [31, 32] . On the other hand, estimates of a dynamical nature can be turned into estimates on spectral quantities, for example, quantitative regularity of the spectral measures [30] .
Recently, the coupling of quantum walks to electromagnetic fields was implemented by extending the minimal coupling principle to the discrete setting [22] , which allows one to analyze the reaction of a given quantum walk dynamics to an electromagnetic field. As already mentioned, for one dimensional systems the dynamics depends crucially on the rationality of the electric field: For rational fields the spectrum is absolutely continuous and the propagation is eventually ballistic after an initial segment with revivals of any initial state similar to Bloch oscillations. If the electric field is irrational the characterization is more involved and depends on the approximability of the field in terms of continued fractions: for well approximable fields the spectrum is singular continuous and the propagation is hierarchical, i.e. there is an infinite sequence of better and better revivals alternating with farther and farther excursions [25] . On the other hand, for badly approximable fields the system displays Anderson localization which even turns out to be the typical case [26] .
Going beyond one spatial dimension, for the Hamiltonian setting, it is possible to connect the spectrum of the two dimensional magnetic Laplacian with the spectrum of the almost Mathieu operator, allowing to analyze not only the spectral type, but also its topological structure. Taking these questions as a starting point, we discuss in this paper in detail two-dimensional quantum walks which we place into homogeneous magnetic fields using the aforementioned discrete analogue of minimal coupling from [22] . Also in the magnetic case the spectral and dynamical properties depend crucially on the rationality of the field, but this dependence turns out to be slightly less involved than for the electric walks in [25, 26] : for rational fields the system is effectively translation invariant which by general arguments implies absolutely continuous spectrum and ballistic transport. For irrational fields, the spectrum is purely singular continuous which by the RAGE theorem [29] excludes any form of localization and thereby contrasts the typicality of Anderson localization for one-dimensional electric walks; see also [35] for a proof of the RAGE theorem in the discrete-time (unitary) case.
The paper is organized as follows: in Section II we define the system under consideration and state the main result in Theorem II.3. The proof of this theorem is divided into Section III and Section IV.
II. THE SYSTEM
A. The physical model Quantum walks describe the time-discrete evolution of a single particle with an internal degree of freedom on a lattice under the additional assumption of a finite propagation speed. In this paper, we consider particles on the two-dimensional lattice Z 2 with two-dimensional internal degree of freedom C 2 . Basis vectors of the corresponding Hilbert space H = 2 (Z 2 ) ⊗ C 2 are denoted by |x, s with x ∈ Z 2 and s = ±1, and the coordinates of ψ ∈ H with respect to this basis are denoted by ψ(x, ±) ≡ x, ±1|ψ . A single timestep is implemented by the unitary operator
where the coin operators C j = x∈Z 2 C j (x) locally rotate the internal degree of freedom as
If not otherwise noted, in this paper we assume the coins to be translation invariant which means they act the same everywhere. Concretely, we take C 1 = C 2 = 1I ⊗ C H where C H is the two-dimensional Hadamard matrix
In contrast to the coin operators, the state-dependent shifts S α , α = 1, 2, relate neighbouring cells. They are defined by S α = s=±1 t s α ⊗ P s where t α |x = |x + e α denotes the lattice translation in direction e α and P ±1 projects onto the internal basis state | ± 1 .
The aim of this paper is to study the walk W 0 in external magnetic fields. Since W 0 is given as a sequence of coin and shift operators, such fields are introduced by an approach similar to the minimal coupling scheme in continuous time [22] . This amounts to replacing the lattice translations t α in the definition of the S α by the unitary magnetic translations
Here, the U α (x) are position-and direction-dependent phases which are determined only up to a discrete gradient G(x + e α )G(x) −1 reflecting the freedom of local U (1)-gauge transformations G : |x → G(x)|x . In contrast to the lattice translations t α , the magnetic translations T α do not commute anymore. Instead, they commute up to a plaquette phase, i.e.
This commutator is invariant under local gauge transformations and we naturally call F αβ = −F βα ∈ [0, 2π[ a discrete magnetic field [22] . Throughout this manuscript, we assume this magnetic field to be homogeneous, i.e. independent of x, and denote it by F 12 =: Φ. Note that since there are no electric fields present, a discrete version of the homogeneous Maxwell equations implies that Φ is not only homogeneous but also static, i.e. independent of time [22] .
If not otherwise stated, in this manuscript we fix the gauge to the symmetric gauge
After applying this discrete minimal coupling procedure to W 0 a single timestep is implemented by the magnetic walk
FIG. 1. The spectra of the two-dimensional magnetic walk (6) for rational fields [17] resembles a two-fold copy of the Hofstadter butterfly. The vertical axis corresponds to the field Φ (plotted up to denominator 70) and the horizontal axis to the argument of the quasi-energy. Its fractal structure is evident. The symmetry of the spectrum with respect to Φ → −Φ follows from general arguments about the rotation algebra [52] , and the symmetry with respect to z → z * is a consequence of KWΦK = W−Φ, where K denotes complex conjugation, together with σ(WΦ) = σ(W−Φ). Finally, the symmetry with respect to z → −z is a consequence of JWΦJ = −WΦ, where J is the unitary involution J|x, s = (−1)
Remark II.1. The choice of gauge in (5) ensures that the phase U α (x) commutes with t α in (3) which allows us to interpret the magnetic walk W Φ as a walk of the form (1) with quasi-periodic coins
where σ 3 is the third Pauli matrix. Let us note for later use that the coins in (7) are never purely (off-)diagonal.
For rational fields Φ/(2π) = p/q the magnetic walk W Φ is translation invariant after regrouping and can thus be diagonalized in momentum space [21] . Its spectrum is absolutely continuous and consists of 2q bands which resemble a two-fold copy of the Hofstadter butterfly, see Figure 1 . For Φ/(2π) irrational, arguments similar to those in Hofstadter's original paper [40] immediately lead one to conjecture Cantor spectrum for W Φ . It is the goal of this paper to prove this conjecture and characterize the spectral type of W Φ for Φ/(2π) irrational.
B. The rotation algebra point of view
In order to get a handle on the spectral properties of W Φ we sometimes adopt an algebraic approach. The magnetic translations T 1 and T 2 realize a particular instance of the so-called rotation algebra A Φ which is defined abstractly as the universal C * -algebra generated by two unitary elements u, v such that
This correspondence is established by the representation π 2 :
given by the magnetic translations
Let us point out that the subscript on the representation refers to the dimension of the lattice in the codomain.
where e ij denotes the matrix whose (i, j) entry is 1 and all others are 0. Clearly, Π 2 is a * -representation because π 2 is. Then, we can interpret the magnetic walk W Φ as the image under Π 2 of the unitary element w Φ ∈ M 2 (A Φ ) given by
The abstract point of view in terms of the rotation algebra proves helpful in establishing the main result of this paper. Indeed, the first statement in Theorem II.3 below is a purely topological result which is independent of the particular representation of the rotation algebra.
Remark II.2. The algebraic point of view on homogeneous translation systems extends to magnetic walks on higher dimensional lattices. However, it is not helpful in the presence of electric fields: following the construction in [22] , electric fields imply that the spatial translations T α in (3) commute merely up to phases with the time translation T 0 in the equation of motion. However, since T 0 relates different "time slices" of H it cannot be represented as a Hilbert space operator.
C. The main result
In this note we prove that the spectrum of W Φ is a Cantor set for Φ/(2π) irrational and, moreover, show that it cannot have a pure point part. To formulate this precisely:
Theorem II.3. Let W Φ be the magnetic walk defined in (6). Then:
∈ Q the spectrum of W Φ is a zero-measure Cantor set.
2. For any magnetic field the pure point spectrum of W Φ is empty.
The zero-measure statement in the theorem refers to the arc-length measure on the circle. When we say that a subset K of the circle is a Cantor set, we mean that K is a closed, perfect, nowhere dense subset of the circle in the standard topology thereupon. Together, these results imply the following:
Corollary II.4. For Φ/(2π) irrational, the spectrum of W Φ is purely singular continuous.
This follows immediately: on the one hand, the spectrum has zero Lebesgue measure and therefore cannot have an absolutely continuous component, and on the other also the pure point component is empty by the second statement in the theorem above.
The spectral characterization of W Φ in this theorem is similar to the one obtained in [36] for a related model. Indeed, the proof of Cantor spectrum builds on the corresponding result in [36] and was inspired by [55] . Yet, the proof of singular continuous spectrum does not carry over straightforwardly: the model in [36] is a quasi-periodic walk on the integers and the proof of the absence of pure point spectrum makes use of transfer matrix techniques. In two spatial dimensions such transfer matrix techniques are no longer available, and we have to find different techniques to exclude eigenvalues: taking an abstract algebraic point of view is inspired by ideas from the self-adjoint setting [55] .
The methods we use below in the proof of Cantor spectrum are restricted to the magnetic walk with local coin given by the Hadamard matrix C H . It is an interesting question whether the statement holds also if we allow for more general coins. While we suspect it does, a proof seems to require more heavy machinery and certainly goes beyond the scope of the current project. In contrast, the proof of the absence of point spectrum below is independent of the concrete choice of the coins: it applies to magnetic walks of the form (1) with arbitrary coins except for purely diagonal and purely off-diagonal ones.
III. PROOF OF CANTOR SPECTRUM
In this section we prove Cantor spectrum for the two-dimensional magnetic walk W Φ with Φ/(2π) irrational, i.e. the first statement of Theorem II.3. The idea behind the proof is to relate W Φ to the so-called unitary critical almost Mathieu operator which is defined as the quantum walk W Φ on 2 (Z) ⊗ C 2 given by
where
for some fixed θ ∈ T. Here, the subscript in the definition of C 2 (Φ) indicates the rotation axis in C 2 . This walk was introduced in [47, 53, 54] as a model for an inhomogeneous quantum walk, and its spectral properties have been studied extensively in [36] . In particular [36, Thm. 1.1 c]:
Theorem III.1. Let Φ/(2π) be irrational. Then, the spectrum of W Φ is a zero measure Cantor set for all θ.
Crucial for the proof of this theorem are the transfer matrix techniques for one-dimensional systems, which are not available on the two-dimensional lattice. However, we can establish a relation between the one-dimensional walk W Φ and the two-dimensional walk W Φ by considering the representation π 1 of A Φ on 2 (Z) given by
where as above the subscript on the representation refers to the dimension of the lattice in the codomain. Similar to the definition of Π 2 in (10) this representation can be lifted to a representation Π 1 of M 2 (A Φ ). The image of w Φ in this lifted representation is given by
where C 1 (Φ) is a coin operator acting locally as C 1 (Φ, x) = exp(iΦxσ 1 ). In particular, C 1 (Φ) is unitarily equivalent to C 2 (Φ) by 1 I ⊗ exp(iσ 3 π/4) which commutes with the shift operator S. Thus, up to unitary equivalence, W Φ and W Φ are the images of the same element w Φ of M 2 (A Φ ) under different representations. The first statement in Theorem II.3 then follows from general observations about A Φ and M 2 (A Φ ), or more general M n (A Φ ), and their images under different representations. First, for Φ/(2π) irrational A Φ is simple, i.e. its only closed, two-sided ideals are trivial [52] . This implies that M n (A Φ ) is also simple for all n [37] . The simplicity of a C * -algebra A has profound consequences: it implies that all its representations are faithful, hence isometric and therefore preserve the spectrum [13] : Proposition III.2. Let π, π be representations of a simple C * -algebra A. Then, for any a ∈ A σ(π(a)) = σ(π (a)).
Thus, we conclude:
Corollary III.3. Let Φ/(2π) be irrational. Then W Φ and W Φ have the same spectrum as a subset of C, i.e.
IV. ABSENCE OF POINT SPECTRUM
The present section concludes the proof of Theorem II.3 by proving the second statement. Let us note that if Φ/(2π) is rational, then the spectral type of W Φ is purely absolutely continuous and hence point spectrum is absent. Consequently, we focus on the case Φ/(2π) / ∈ Q. We will again use some ideas from the rotation algebra perspective. Choose the symmetric gauge (U 1 , U 2 ) as in Section II and let
) denote the von Neumann algebra generated by the magnetic translations T 1 and T 2 .
Let us denote the center of a von Neumann-algebra A by Z(A ), that is, Z(A ) = {a ∈ A : ab = ba ∀b ∈ A }. Additionally, for n ∈ N, we define M n (A ) = M n (C) ⊗ A to be the matrix algebra of n × n matrices with entries in A . We first note that the center of the matrix algebra over W Φ is trivial:
where 1 I n and 1 I denote the identity in M n (C) and in W Φ , respectively.
Proof. It is straightforward to show that the center of a matrix ring over a unital algebra Naturally, the foregoing lemma is false when Φ is a rational multiple of 2π. For example, if Φ/(2π) = p/q with p, q ∈ Z and q = 0, then one can verify that
where τ (a) := 0|a|0 is a trace on W Φ which is unique if Φ/(2π) is irrational [55] , and tr is the matrix trace. That is, τ n (A) = n −1 n j=1 τ (a jj ). One can check that τ n inherits all properties of τ , so M n (W Φ ) is a II 1 -factor, like W Φ . An important observation is that part of [55, Proposition 2.1 (ii)] carries over to the matrix valued case. Concretely, given A ∈ M n (W Φ ), we may write A = n i,j=1 e ij ⊗ a ij , where a ij ∈ W Φ . For k, ∈ Z 2 , define the matrix A k ∈ M n (C) by
Lemma IV.2. Let A ∈ M n (W Φ ). Then, for all k, , m ∈ Z 2 , we have
where k ∧ = k 1 2 − k 2 1 denotes the skew product in Z 2 . In particular, A = A mm for all , m ∈ Z 2 .
Proof. This follows immediately from [55, Proposition 2.1] with α = Φ/(2π) (compare [55, Equation (2.3)] with (8)).
Remark IV.3. The reader should notice that Lemma IV.2 is a statement about a representation of A Φ , not about A Φ itself. Thus, Lemma IV.2 yields statements that (ostensibly, at least) depend on the choice of gauge. However, we will only use the diagonal case k = , which simply says A = A mm for all m, ∈ Z 2 and does not depend on the gauge.
We can now define the spectral distribution function (SDF) for the magnetic walk W Φ , which we can (and do) view as an element of M 2 (W Φ ). Define a measure dN on T by
for bounded Borel functions g : T → C. The second equality follows from the explicit form of τ n in (19) . The SDF of W Φ is the accumulation function of dN , that is, N (θ) = T χ I(θ) dN , where I(θ) denotes the arc I(θ) ≡ {exp(iθ ) : 0 ≤ θ ≤ θ} and χ I(θ) is the characteristic function of I(θ). In order to talk about the point at θ = 0 in a coherent fashion, we adopt the convention N (θ + 2π) = N (θ) + 1. Equivalently, we have
where E θ = χ I(θ) (W Φ ). It follows that the spectrum of of W Φ consists of all points of growth of N (θ), i.e.
In particular, by weak continuity of the trace [55] , exp(iθ) lies in the point spectrum of W Φ , if and only if N is discontinuous at θ. Consequently, proving continuity for the spectral distribution function proves the absence of point spectrum of W Φ . In particular, we show that:
Theorem IV.4. The SDF of the magnetic walk W Φ defined in (6) is continuous, i.e. σ pp (W Φ ) = ∅.
To prove this theorem we will show, that the SDF is equal to the integrated density of state (IDS), which we then show to be continuous by the Delyon-Souillard argument [33] . There is an additional challenge present here when compared to the Hamiltonian case. Namely, the restriction of a self-adjoint operator to a subspace remains self-adjoint, but the restriction of a unitary operator need not even be normal. Thus, for our purposes, we need suitable unitary restrictions of W Φ to finite Λ ⊂ Z 2 , which we achieve by decoupling the walk locally around the edge of Λ using purely off-diagonal coins. Since this does not depend on the magnetic field but only on the neighbourhood structure, we will formulate this decoupling more generally for walks of the form (1).
In the following, let Λ = Λ L ⊂ Z 2 be a square of side length 2L + 1, centered at the origin of Z 2 , i.e.
for some L > 0. The boundary ∂Λ of Λ is then given by the set
For the unitary decoupling, we need a slightly different bounding set, namely the union of the upper and the right edges of Λ L and the lower and the left edges of Λ L+1 . To that end, put
Denote by P L :
Lemma IV.5. Let L ∈ N, let Λ = Λ L be as in (25) and let W be a walk of the form (1). Then there is a walk
Proof. Define the coin operator C d , which acts locally as
with σ 1 being the first Pauli matrix. Moreover replace S α , α = 1, 2 by
where S ↑/↓ α shift the spin-up component in the positive and the spin-down component in the negative direction, respectively. The resulting walk
is decoupled between every connection of Λ and Λ c , i.e. it fulfills the requirements in the Lemma, which is straightforward to check. Denoting by |Λ| the number of points in a finite set Λ and by (∂Λ) n the elements of Λ with distance less than n ≥ 1 from the boundary, we write Λ → ∞ whenever for some fixed n ≥ 1
In particular, we note that Λ L → ∞ as L → ∞. This together with the decoupling above allows us to define the density of states measure (DOS) for the magnetic walk W Φ as the accumulation function of the vague limit of eigenvalue counting measures of the unitary truncations. That is, given L, define a measure dk L by
. Then, the DOS, denoted dk, is given by
for bounded Borel g, and k(θ) is given by
The existence of the limit in the definition of k(θ) follows from the arguments in [50] . Important for our purpose is that θ → k(θ) is continuous which follows from a proof similar to that in [33] :
Proposition IV.7. Assume that the coins C j are either not completely diagonal or not completely off-diagonal. Then θ → k(θ) is continuous.
Proof. To prove the continuity of θ → k(θ) it is enough to prove that
as L → ∞. Let Λ = Λ L be defined as in (25) and without loss, assume that the coins C j are not completely diagonal. Then, inside Λ a solution ψ of the generalized eigenvalue equation W ψ = zψ is uniquely determined by its values on the set {x ∈ Λ :
This can be seen by explicitly evaluating the action of a walk of the form (1) with coins C 1 and C 2 at position x ∈ Z 2 : The algorithm to determine a solution ψ for W ψ = zψ inside Λ from its values on the set (36) is as follows: first, by (37) , the values of a solution ψ on the set (36) immediately determine the values of ψ(x, +) for {x :
. . , L − 2}, see the left picture in Figure 2 .
In the second step the values of ψ(x, −) are determined subsequently for
. . , −L + 1. The key point is this: if ψ solves the generalized eigenvalue equation, then, since neither C 1 nor C 2 is completely diagonal, ψ(x, −) is uniquely determined by ψ(x, +), ψ(x − e 1 + e 2 , −), and ψ(x + 2e 2 , ±) via (38) . Concretely,
zψ(x − e 1 + e 2 , −) − c 
But the value of ψ(x, +) on the strip
. . , −L + 1 we just calculated, and they determine ψ(x, −) with Figure 2 .
Repeating this algorithm on each strip from the left to the right determines ψ completely inside Λ from its values on the set (36) . We can thus repeat the argument given in [33] , namely
where the prefactor takes into account that we have to take one strip on the left (or right) side and two on the top/botton, and that the internal degree of freedom is two-dimensional. Then, since |Λ| = (2L + 1) 2 we have
as Λ → ∞.
Remark IV.8. Note that under the assumption that the coins are not completely off-diagonal the proof is completely analogous after replacing the set (36) by {x ∈ Λ :
FIG. 2. The algorithm to determine a generalized eigenfunction ψ of W0 of the form (1) in the proof of Proposition IV.7. At each lattice site x ∈ Z 2 the internal degrees of freedom of ψ are distinguished by the colouring orange for ψ(x, +) and blue for ψ(x, −). The arrows indicate which degrees of freedom are coupled by the action of W (compare with (37) and (38)), and the shaded area indicates the boundary set (36) . Note that the diagonal arrows to the left and the right of x disappear for diagonal coins at x − e1 and x + e1, respectively, whereas the anti-diagonal arrows disappear for off-diagonal coins. Left: in the first step of the algorithm ψ(x, +), x1 = −L + 1, |x2| ≤ L − 2 is obtained from the boundary values ψ(x), x1 = −L, |x2| ≤ L − 1. Right: in the second step, ψ(x, −), x1 = −L + 1 is determined successively for x2 = L − 2, L − 3, . . . , −L + 2 by solving the eigenvalue equation W ψ = zψ on the boundary x1 = −L, x2 = L − 1, L − 2, . . . , −L + 1.
In this case we solve for ψ(x, −) as in (39) but from the bottom of Λ instead of from the top, i.e. instead of (39) we solve (38) as 
and apply the algorithm "upwards" instead of "downwards". Both requirements in Proposition IV.7 are clearly met in the magnetic walk model where the coins are given in (7).
Coming back to the magnetic walk W = W Φ which in the gauge (5) 
For the proof of the equivalence of the IDS and the SDF we need the following variant of the celebrated Levy continuity theorem which is a special case of [8, Theorem 4.2.5] for the compact group T:
Lemma IV.10. Let µ n , n ∈ N be a sequence of probability measures on T. Then µ n w − → µ weakly if and only if µ n → µ pointwise, where µ n denotes the Fourier transform of µ n , which is defined by µ n (t) = T e itθ µ n (dθ), t ∈ Z.
Proof of Theorem IV.4. Given t ∈ Z and L ∈ N, we have x, s|W t L |x, s = x, s|W t |x, s ,
for s = ±1 and x ∈ Λ L with dist(x, ∂Λ L ) > 2|t|. This implies that 
By Lemma IV.2, we have x, s|W t |x, s = 0, s|W t |0, s for all x ∈ Z 2 and s = ±1, and hence
The expression (2|Λ L |) −1 tr (W t L ) on the left side of this expression is equal to the Fourier transform of the measure dk L whereas the right side is the Fourier transform of the measure dN . The statement then follows from Lemma IV.10.
